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ABSTRACT In this paper we reformulate and extend a method proposed recently for estimating the classical 
configurational entropy difference between molecular conformations of proteins from molecular dynamics 
simulations. The method involves a quasi-harmonic oscillator approximation, in which a temperature-dependent 
(quasi-harmonic) Hamiltonian for the system is parameterized from a detailed computer simulation. The 
quasi-harmonic potential function is assumed to have a quadratic form with the coefficients chosen so that 
the mean square fluctuations of the coordinates evaluated from an ensemble average within the harmonic 
approximation have the same values as the results obtained from a molecular dynamics trajectory on the complete 
anharmonic potential surface, while the quasi-harmonic kinetic energy function is similar to the standard 
harmonic expression. It is shown that with the quasi-harmonic Hamiltonian, the effective vibrational frequencies 
and normal modes can be obtained. This makes possible a detailed comparison with the results obtained 
from the harmonic approximation and provides a simple procedure for estimating the quantum corrections 
to thermodynamic properties. The results of vibrational normal mode and molecular dynamics simulations 
for a polypeptide a-helix are used to calculate the harmonic and quasi-harmonic approximations to the entropy 
of this model system a t  three temperatures, 5,100, and 300 K. The entropy difference A S  between the two 
sets of calculations provides an estimate of the importance of anharmonicity in the determination of the 
configurational entropy. 

Introduction 
An understanding of the factors  that de te rmine  the 

conformational stability and the binding of ligands t o  
proteins requires a thermodynamic analysis. The observed 

thermodynamic changes in  these systems are  often t h e  
result of a delicate balance between large opposing ef- 
f e c t ~ . ' - ~  For  the analysis of en t ropy  changes associated 
with different conformational s ta tes  of proteins i t  has 
proved useful to divide the problem into the  consideration 

+ Rutgers, The State University of New Jersey, * Harvard University. * Amherst College. 
' Universite de Paris-Sud. 

of (1) hydrophobic effects associated with changes in  the 
ordered state of water molecules and (2) intramolecular 
"vibrations" associated with changes in  t h e  atomic fluc- 
tuat ions of the protein and ligand about mean conforma- 
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tions. It has been suggested6 that these two contributions 
to the change in entropy are of about equal importance. 
A method has recently been proposed for the theoretical 
calculation of the intramolecular contribution to the en- 
tropy change using the results of molecular dynamics 
 simulation^.^ The method involves a quadratic approxi- 
mation to the intramolecular potential energy for the 
system. The approximate potential energy function is 
determined by requiring the mean square fluctuations in 
the internal coordinates evaluated with the quadratic 
potential to have the same values as the results obtained 
from a protein molecular dynamics trajectory on the com- 
plete anharmonic potential surface ("quasi-harmonic 
approximation"). Thus some effects of anharmonicity, 
including the temperature dependence of the effective 
potential, are accounted for in the evaluation of the vi- 
brational entropy. In the illustrative examples presented 
previously,' the results of normal model calculations (the 
standard harmonic approximation) were used to evaluate 
entropy changes for a model a-helix. Since within the 
quasi-harmonic approximation it is possible to partially 
incorporate anharmonicity in the thermodynamic quan- 
tities, it is important to compare the results of calculations 
of the entropy in the harmonic approximation with cal- 
culations for the same systems using the quasi-harmonic 
oscillator approximation. The difference AS between the 
two calculations provides an estimate of the contribution 
of anharmonicity to the thermodynamics of the systems 
investigated. 

In this paper we introduce a quasi-harmonic approxi- 
mation to both the potential and kinetic energy that makes 
it possible to define a temperature-dependent Hamiltonian 
which is a quadratic function of the internal coordinates 
and their conjugate momenta. We present the formalism 
for evaluating the quasi-harmonic vibrational entropy from 
a temperature-dependent quadratic Hamiltonian and show 
explicitly the relationship between the vibrational and 
configurational entropy for the quasi-harmonic model. We 
emphasize the factors involved in the transformation to 
internal coordinates and apply the method to the calcu- 
lation of the entropy of a decaglycine a-helix a t  a series 
of temperatures. We compare the quasi-harmonic results 
from molecular dynamics simulations" with the values 
obtained from the harmonic oscillator approximation. 

Formulation 

be expressed as 
The classical partition function for a macromolecule can 
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litate the comparison of the quasi-harmonic oscillator 
approximation with the standard vibrational normal mode 
analysis we make the rigid rotator assumption and neglect 
rotation-vibration coupling to be able to solve the normal 
mode problem with the quasi-harmonic Hamiltonian. 
While this is expected to be a good approximation, rota- 
tion-vibration coupling can be incoporated into the model, 
in principle. The resulting partition function can then be 
factored and we obtain 

z ZtransZrotZvib ( 2 4  

where Ztrans and Zrot are the translational and rotational 
partition functions and the vibrational partition function 
has the form 

e-@% dp, dx 
z = - s  1 

h3N 
where 7k is the classical Hamiltonian for the system ex- 
pressed in terms of Cartesian coordinates x and conjugate 
momenta pz, h is Planck's constant, and B = ( l / k B ? ' ) .  The 
momentum integrations can be performed directly in 
Cartesian coordinates and the resulting configurational 
partition function is a function of 3N coordinates; for a 
given configuration the range of integration over the co- 
ordinates is restricted appropriately. Karplus and Kush- 
ick7 introduced a quadratic approximation for the potential 
energy to evaluate the configurational entropy of an a-helix 
and showed how the entropy could be calculated from the 
temperature-dependent variances and covariances of the 
internal coordinates obtained from molecular dynamics 
trajectories, although the actual calculations were restricted 
to the harmonic approximation.' In this paper we consider 
the complete Hamiltonian 7f as a sum of internal plus 
external Hamiltonians and approximate the potential by 
the quadratic form used in the previous work.7 To faci- 

The internal Hamiltonian H depends on the 3N - 6 in- 
ternal displacement coordinates, q, and conjugate momenta 
p,. In both the harmonic and quasi-harmonic oscillator 
approximations it is assumed that H can be written as a 
quadratic function of the 3N - 6 internal coordinates and 
conjugate momenta? 

( 3 )  

where F and G are respectively potential and kinetic en- 
ergy matrices. The form for F depends upon whether we 
are considering a harmonic or a quasi-harmonic approxi- 
mation. In the usual harmonic approximation F is given 

H = f/2pq*G.p, + '/zqF*q 

by 

Fij = (E) (harmonic approximation) (4) 
dqiaqj qo 

where (qo] are the energy-minimum coordinates. Thus, F 
is the matrix of force constants, whose values are the 
second derivatives of the potential energy evaluated at the 
conformational energy minimum. In the quasi-harmonic 
approximation, the elements of F are 

Fij = kBT[O-']ij (quasi-harmonic approximation) 
(5a) 

aij = ((qi  - (q i ) ) (q j  - ( q j ) ) )  (5b) 

where [a-'1 is the inverse of the matrix a and a contains 
the temperature-dependent variances (diagonal elements) 
and covariances (off-diagonal elements) of the internal 
coordinate  fluctuation^.^ The elements of a can be cal- 
culated directly from molecular dynamics or Monte Carlo 
simulations. When the results of a standard normal co- 
ordinate analysis are used to evaluate the quasi-har- 
monic approximation to the potential (eq 5a) is identical 
with the harmonic approximation (eq 4). Karplus and 
Kushick considered only a quasi-harmonic approximation 
to the potential; in order to fully develop the quasi-har- 
monic oscillator model with corresponding quasi-harmonic 
frequencies and normal modes an approximation to the 
kinetic energy is also required. The kinetic energy matrix 
has elements 

where mk and xk are the mass and Cartesian coordinates 
associated with the kth atom. In the harmonic approxi- 
mation the derivatives of eq 6 are evaluated a t  the con- 
formational energy minimum. A particularly simple choice 
for the quasi-harmonic approximation to G is to evaluate 
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the derivatives of eq 6 at  the conformation corresponding 
to the average values of the internal coordinates, although 
other choices are possible. With the quadratic form for 
the internal Hamiltonian (eq 31, the partition function is 
a multidimensional Gaussian: 

Macromolecules, Vol. 17, No. 7, 1984 

Integrating over the momenta we obtain 
2 .  = vib 

(8) 
The factor (det G-1)112 is the Jacobian for the transfor- 
mation from Cartesian to internal coordinates. det G-' is 
inversely proportional to the products of the moments of 
inertia for the molecule. By the rigid rotator approxima- 
tion together with the neglect of rotation-vibration cou- 
pling, det G-' can be removed from the integral in eq 8. 
In fact, it is a reasonable approximation to assume the 
Jacobian is restricted to a narrow range by the potential 
function in the exponential of the integrand of eq 8 so that 
the conformational energy minimum (harmonic approxi- 
mation) or average molecular dynamics (quasi-harmonic) 
values can be used to evaluate det G-l. Upon assigning 
such fixed values to the Jacobian, one may write the 
partition function for the internal Hamiltonian as 

Zrib =I ( 2 ~ k ~ 7 7 ~ ~ ~ + " * ( 1  / /~)~~-+j [de t  G-'],,'/*Z, (9a) 

where Z,, the reduced configuration integral introduced 
by Karplus and Kushick, has the form 

(9b) 
as is evident from eq 5, 8, and 9. The form of 2, is such 
that the ensemble average of the internal coordinate 
fluctuations, ( Aq,Aq,), satisfies 

The quasi-harmonic approximation is therefore self-con- 
sistent in the sense that the ensemble averages for the 
internal coordinate fluctuations obtained with the quad- 
ratic Hamiltonian and 2, are equal to the values obtained 
with the complete Hamiltonian and the molecular dy- 
namics trajectory. It is now a simple matter to obtain the 
configurational entropy. From the thermodynamic rela- 
tion; 

+ k B  In 2, (11) 
( V )  

S,C = 

the configurational entropy is given by 
3 N - 6  k~ 

,yo" = ____ k B  + In [ ( 2 ~ ) ~ ~ - ~ ( d e t  a)] (12) 
2 

Equation 12 is identical with eq 10 of Karplus and Kushick 
for the case where all internal coordinates are included; 
as they point out, it may be possible to use a reduced set 
in some cases to simplify the calculation.7 The change in 
the configurational entropy between two conformations 
(labeled a and b) is then simply 

We now use the present formulation to analyze the re- 
lation between the harmonic and the quasi-harmonic ap- 
proximation in greater detail than given previously. When 
the results of a standard normal coordinate analysis are 
used to evaluate the elements of cr, the quasi-harmonic 
approximation is identical with the harmonic approxi- 
mation. To show this we write F in the following form? 

F = (L-l)+A(L-l) (14, 

where A is the diagonal matrix of the squares of normal 
model frequencies and L is the matrix transformation from 
normal to internal coordinates (LLl = aql/dQ,). Using eq 
5a and eq 14, we write 

In [det a] = In (kBT det [LA-lL']) = 
In (kBT det A-1) + In (kBT det G) (15) 

where we have used the fact that LL+ = G .  Substituting 
from eq 15 into eq 13, we find that the change in the 
configurational entropy is given by 

r = l  

fi w,(b) 
+ - k ~  1 In 1-1 det Gb (16) 

2 det Ga 
AS,' = kB In ___ 

3 Y  6 

Thus the change in the configurational entropy in the 
harmonic approximation is equal to the vibrational entropy 
change plus the contribution to the entropy from the 
change in the Jacobian G evaluated at  the two equilibrium 
conformations. There is no contribution to ASqC from 
vibration-rotation coupling when the system normal modes 
obtained from a harmonic analysis are used to evaluate u 
(eq 15). When the rotation-vibration coupling is neglected, 
as it is for the standard harmonic oscillator, or as it can 
be for the quasi-harmonic oscillator when the coupling is 
small, the explicit contribution of the rotational entropy 
change to AS,, can be obtained. The determinant g for 
the complete transformation from 3N Cartesian to 3N 
generalized coordinates for conformation a is given by 

(18) 

where I is the moment of inertia tensor for conformation 
a. Substituting eq 18 into eq 17, we obtain 

ga = det Ia/det Ga 

In the previous work7 the discrepancy in the standard 
harmonic results between AS,' and the sum + AS,,, 
was ascribed to the breakdown of the rigid rotator ap- 
proximation, the presence of rotation-vibration coupling, 
or the variation in the Jacobian in the transformation from 
Cartesian to internal coordinates. However, from eq 19, 
which has been derived within the framework of the 
standard harmonic approximation, it is apparent that the 
difference between the configurational entropy change and 
the sum of the vibrational plus rotational entropy change 
is a term that involves the conformational dependence of 
g. Since g depends only on bond lengths and 
the change in g with conformation is expected to be very 
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small and can be neglected in eq 19, so that 
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Table I 

We make two further points concerning the harmonic 
and quasi-harmonic methods for evaluating the configu- 
rational entropy. First, if the complete partition function 
&b (eq 9a) for the internal Hamiltonian is used to evaluate 
the entropy change, instead of the reduced configurational 
integral 2, (eq 9b), the factors depending on det G and det 
G-' cancel and we have simply in the rigid rotator ap- 
proximation with the neglect of rotation-vibration inter- 
action 

This is the result we must obtain for any model Hamil- 
tonian that is quadratic in the internal coordinates and 
momenta. Equations 14-21 are also valid for the quasi- 
harmonic approximation when F is calculated from eq 5a 
and eq 5b is calculated from the results of a molecular 
dynamics simulation. The effective (quasi-harmonic) 
normal mode frequencies, eigenvectors, and G matrix el- 
ements will of course be different from the values obtained 
from the standard normal mode analysis (see Conclusions). 

Application 
We have previously described a study of the full mo- 

lecular dynamics of an isolated a-helix as a function of 
temperature between 5 and 300 K and compared the re- 
sults obtained with those for the same system in the 
harmonic approximation.'l The system considered is a- 
helical decaglycine. The details of the model, including 
the empirical potential function, have been presented 
previously.12 A series of temperatures between 5 and 300 
K was studied. For each temperature trajectories were 
calculated by solving simultaneously the classical equations 
of motion for the atoms of which the helix is composed. 
A comparison of the configurational entropy S,C (eq 12) 
for the decaglycine molecule obtained in the harmonic and 
quasi-harmonic approximations has been carried out. We 
have used the results of the molecular dynamics simulation 
and of a standard normal mode analysis to construct u in 
the harmonic and quasi-harmonic approximation. In the 
harmonic approximation the elements of CT have the 
form7J2 

where Lxik is the projection of the kth normal coordinate 
onto the ith internal coordinate. In the quasi-harmonic 
approxmation, the elements of u are constructed from the 
molecular dynamics trajectory: 

where (si) is the average value of qi along the trajectory, 
q[ is the value of qi and time t ,  and n is the number of time 
points sampled. The configurational entropy difference 
between the harmonic and quasi-harmonic models for the 
system is then 

k~ det uQHA 
2 [ det uHA ] AS,, = - In 

The results are presented for three temperatures, 5,100, 
300 K, in Table I. At  the very low temperature (5 K), the 

ASa TAS~ AS/S,,: % T, K 

100 16.11 1.6 
300 43.91 13.17 63 

a A S  = SQHA - Sm, the difference between S calculated in the 
quasi-harmonic approximation and the harmonic approximation. 
Entropy units, cal/(mol K). kcal/mol. cThe difference between 
the quasi-harmonic and the harmonic approximations to the en- 
tropy A S  divided by the total absolute classical vibrational entro- 
py, Svib,= C;$+kB(1 - In (hwi/kl13, for the a-helix. Since there 
are significant quantum corrections to the absolute classical vibra- 
tional entropy,' only the high-temperature value is listed. 

entropy different AS,, is negligible. The harmonic ap- 
proximation is essentially exact since a t  this low temper- 
ature the classical trajectory is confined to the quadratic 
portion of the potential surface close to the minimum- 
energy conformation. In contrast to the low-temperature 
values for the entropy, a t  300 K the harmonic approxi- 
mation substantially underestimates the entropy (AS; = 
43.9 eu). The entropy difference at 300 K is greater than 
60% of the classical estimate for the absolute vibrational 
entropy of the helix in the harmonic approximation. The 
increased entropy of the a-helix due to anharmonicity is 
estimated in the classical limit to stabilize the helix on the 
order of 10 k d / m o l  at 300 K with respect to the harmonic 
model. 

Conclusions 
There is a growing interest in using molecular mechanics 

to model the binding of ligands to proteins and nucleic 
acids and to study problems associated with drug design. 
Central to this effort is the development of approximate 
methods for calculating thermodynamic p r o p e r t i e ~ . ~ ~ ~ J ~ - ' ~  
The results of the model calculations reported in this paper 
demonstrate that a t  room temperature, anharmonicity can 
have a substantial effect on the thermodynamics of bio- 
polymers. Thus, caution will have to be used in the in- 
terpretation of theoretical studies of ligand binding based 
on the standard normal mode analysis for the vibrational 
entropy, although it is possible that anharmonic effects 
will cancel in part in the entropy change between free and 
bound species. The quasi-harmonic approximation to the 
potential described previously' utilizes molecular dynamics 
simulations for partially incorporating anharmonic effects 
in the calculation of statistical thermodynamic properties. 
The extension of the method as proposed here to the 
construction of temperature-dependent effective quadratic 
Hamiltonians with associated quasi-harmonic frequencies 
and eigenvectors is expected to be useful for studying the 
classical and quantum statistical thermodynamics and 
spectroscopy of large molecular systems. The quasi-har- 
monic model has been applied to the study of the low- 
frequency elastic properties of a protein17 and to the 
calculation of vibrational spectra from Monte Carlo sim- 
ulations on multidimensional anharmonic potential sur- 
faces.ls Within the quasi-harmonic oscillator model, 
quantum corrections to the thermodynamic properties are 
easily evaluated from standard formulas for the thermo- 
dynamic quantities as a function of the density of states, 
although for the ligand binding problem quantum effects 
may be small since the conformational changes associated 
with binding are expected to have the largest effect on the 
low-frequency (classical) modes. 

The quasi-harmonic oscillator model we have developed 
for evaluating the thermodynamics of biomolecules is in 
some respects similar to the recently proposed method of 
Wilson et al.19 for evaluating thermodynamic and quantum 

5 0.45 2.2 x 10-3 
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effects from spectral decompositions of correlation func- 
tions based on classical molecular dynamics simulations. 
The derived spectral densities constitute temperature- 
dependent effective harmonic models for the anharmonic 
systems. The quasi-harmonic potential approximation and 
the extension to the calculation of normal modes and 
frequencies proposed here have the advantage, however, 
that the approximations involved in the calculations can 
be systematically improved. In a forthcoming paper20 it 
is demonstrated that the quasi-harmonic potential ap- 
proximation constitutes the first term in a series expansion 
of the classical configurational distribution. function in the 
moments of the distribution; the convergence properties 
of the expansion are under study for a variety of model 
systems, including the a-helix. With regard to quantum 
effects, Friesner and Levy have demonstrated21 that the 
quasi-harmonic oscillator model provides an optimized 
reference system for the evaluation of discretized path 
integrals from which it is possible to compute accurate 
quantum mechanical expectation values. The evaluation 
of statistical thermodynamic quantities for large molecular 
systems such- as biomolecules poses difficult computational 
problems which requires the judicious application of ap- 
proximations. For proteins with well-defined conforma- 
tions, the quasi-harmonic oscillator model provides a very 
powerful approach for studying the thermodynamics. 
Applications of the method to the binding of a ligand to 
a protein22 and to the study of protein  fluctuation^^^ are 
under way. 
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ABSTRACT: The dielectric response of poly(viny1idene fluoride) films and single-crystal mats has been 
measured from room temperature to the melting point in the frequency range 200-10 OOO Hz. Samples studied 
were a-phase melt-crystallized films, isothermally crystallized films of mixed y and (Y phase, and mats of 
solution-crystallized y and a phase. For a-phase films, observed decreases in dielectric constant with increasing 
temperature have been correlated with changes in crystallinity due to melting. Ion removal and annealing 
are shown to have very different effects on the dielectric behavior, though both involve the same heat treatment. 
In y-phase films, the dielectric constant increases with increasing temperature to high values. Single-crystal 
mats exhibit a crossover from an a-dominated relaxation at lower temperature to y-dominated behavior at 
high temperature. Very high values of dielectric constant and loss are obtained from mats and from films 
crystallized isothermally in an electric field, due to a relaxation of the polar y crystals near their melting point. 

1. Introduction 
Poly(viny1idene fluoride), PVF,, is a semicrystalline 

polymer of more than usual complexity. The molecule is 
highly polar, and in three of the five crystal structures 
known to exist, the molecular dipoles are parallel, giving 
polar crystals and electrically active materials. The 
structure and properties of PVF, have been summarized 
in a recent review of Lovinger.' The dielectric properties 
of the crystal forms are generally very different, although 
some forms are difficult to distinguish structurally. Fur- 
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ther, it is often not possible to  obtain samples containing 
only the crystal modification of interest. Even if this can 
be achieved, the material is only 50% crystalline, so it is 
always a composite of crystal and amorphous regions, an 
inhomogeneous dielectric. The amorphous regions of the 
polar material normally contain some ionic species, which 
may be free to move at  high temperatures. One last com- 
plication is that the molecule normally contains a fraction 
of head-to-head units that strongly affect the stability of 
the various crystal forms. 

Extensive dielectric studies have been performed on the 
a phase, which is produced by cooling the melt. Investi- 
gators identified two2s3 and then three relaxations,?-' one 
above room temperature and two below. The high-tem- 
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